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Large-Eddy Simulation of Turbulent Anisochoric Flows
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Lund Institute of Technology, S-22100 Lund, Sweden

The objective of this study is to develop a large eddy simulation model for nonreacting as well as chemically
reacting flows at high Reynolds numbers. This paper focuses on the large eddy simulation model applied to the
nonreacting case and the evaluation of its predictive capabilities. Further, results from the large eddy simulations
are used to investigate the large-scale structures present in unsteady wake flows. The large eddy simulation model
contains subgrid-scale models for both cross and Reynolds quantities to account for both outscatter (i.e., transfer
from small scales to larger scales) transfer between large scales and dissipation. To evaluate the large eddy simu-
lation model, results from two- and three-dimensional large eddy simulations of nonreacting flow in a rectilinear
channel with a triangular shaped bluff body are compared with experimental measurements and with results from
two-dimensional simulations made with the k-e model and a differential Reynolds stress model. The investigations
indicate that the results obtained with the large eddy simulation model is in good agreement with experimental
data. Comparison of results obtained with the large eddy simulation model and results obtained with the k-e model
and the differential Reynolds stress model clearly reveals the known weaknesses of the latter methods.

Introduction

D IRECT numerical simulation (DNS) of turbulent flows at high
Reynolds (Re) number encountered in problems of technolog-

ical importance is almost impossible since energy containing eddies
of a wide range of sizes are present. If it was possible to solve the
set of conservation and balance equations for mass, momentum, and
energy exactly, turbulence would appear naturally in the solutions.
Traditional simulation models based on Reynolds averages (RAS)
have had only limited success since the large eddies, which con-
tain most of the energy, are highly dependent on the geometry of
the flow. Experience has indicated that such models usually break
down when a variety of turbulent flows are considered.1 The small
scales are assumed more universal in character, and serve mainly as
a source for dissipation. Hence, it can be argued that more accurate
simulations could be achieved if only the small eddies are modeled
while the motion of the large eddies are simulated.2

The notation anisochoric is used herein in the sense as expressed
byTruesdell3:

Writers on hydrodynamics are guilty of propagating not only
bad English but also confusion when they refer to incom-
pressible flows." A flow, obviously, cannot be compressed. A
flow may or may not be isochoric, and a fluid may or may not
be incompressible; the behavior of an incompressible fluid in
a certain, necessarily isochoric flow is generally not at all the
same as that of any compressible fluid in the same isochoric
flow.

During the past decade, considerable progress has been made in
the use of large eddy simulations (LES) for isochoric (i.e., volume
preserving) turbulent flows. This effort has shed new light on the
physics of turbulence. Despite the intensive research effort devoted
to LES of isochoric flows it appears that only few LES of anisochoric
flows2 have been attempted. Undoubtedly, technological applica-
tions, such as turbulent supersonic flows including shock waves and
combustion, where there is the strong interaction between the energy
release from chemical reactions and the dynamics of fluid motion,
are of great importance. The prerequisite for carrying out such com-
putations is the development of suitable subgrid-scale (SGS) models
for anisochoric flows. With the exception of the works in Refs. 4-1
few studies along these lines have been published.

The objective of this study is to develop an LES model that can
be used for simulating both nonreacting and chemically reacting
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flows at high Re numbers. Such simulation models can give detailed
insight into the physics behind turbulent combustion as well as be
used to improve design of different applications like 1C engines, jet
engines, and pulse combustors. This paper focuses on describing the
LES model for the nonreacting case and evaluating its predictive ca-
pabilities by comparing simulation results with experimental mea-
surements. Simulation results from traditional RAS methods like
the k-s model and a differential Reynolds stress model (DRSM) are
presented for comparison. Further, results from the LESs are used to
investigate and characterize the mechanism behind the large-scale
structure in unsteady wake flow.

The object, on which numerical simulations and measurements
have been carried out, is a model of an afterburner of a jet engine,
described in Ref. 8. The rig consists of a rectilinear channel with
rectangular cross section. At the location of one-third of the channel
length downstream from the inlet section, a two-dimensional trian-
gular shaped bluff body is located, see Fig. 1. The flow past bluff
bodies has been the subject of many papers of both experimental and
theoretical nature,9"11 and, therefore, knowledge of the flow struc-
ture and how traditional simulation models capture the flowfield is
available.

Numerical simulations with the presented LES model have been
carried out for nonreacting flows at Re numbers between 103 and
105 and Mach numbers Ma between 0.01 and 0.20. The results from
the LES model are postprocessed in order to obtain statistical infor-
mation and statistical moments that are compared with measured
quantities. The examinations indicate that the results obtained with
the LES model, even the two-dimensional LES model, are in better
agreement with results from experimental measurements than are
the results obtained with the k-s model and the DRSM.

Governing Equations of Fluid Dynamics
In mechanics the same physical laws govern all material bodies;

these general laws in continuum physics are expressed as balance
or conservation laws.12 More precisely, the physical laws assert that
we always will have balance of mass, momentum, and energy and
imbalance of entropy. Thus,

9,(p)+div(p*) = (la)

9, (px) + div(px <g> x) = divT + pb (Ib)

dt(pe) + div(pex) = T L + divh + per (lc)

pi] > div(h/9) + pcr/9 (Id)

where p is the density, x the velocity, T the stress tensor, b the
specific body force, e the specific internal energy, and L the velocity
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h= 0.120m

Fig. 1 Validation rig outline, coordinate system, and overall dimen-
sions.

gradient. T - L is the net power which, since T is symmetric, also
can be written in the form T - D, where 2D = (L + LT) is the rate
of strain tensor. Also, h is the heat conduction vector, a the spe-
cific radiation, rj the specific entropy, and 0 is the temperature. The
conservation and balance equations (1) are themselves insufficient
to determine the flow, thus, before we can formulate a determinate
problem, it is necessary to introduce constitutive equations; we will
assume the special case of a linear viscous fluid with Fourier heat
conduction,

e = e(0, p), i\ --

h = K grad 9

T = -pi + S = -pi +

(2)

where p is the thermodynamic pressure and 5 is the viscous stress
tensor whereas K = /c(p, 0), X = X(p, 0), and [i = ^(p, 0) are the
heat conductivity and the coefficients of viscosity. Further, to satisfy
the entropy inequality (Id) the restrictions 2A. + 3jit > 0, \L > 0, and
K > 0 must be satisfied. When dealing with compressible fluids it is
often practical to introduce the total specific energy E = e+1 (jc • x)
or the specific enthalpy h = e + pip instead of the specific internal
energy. Using the specific enthalpy we find

(3)dt (px) + div(pjc <g> x) — -grad p + divS + pb

dt(ph) + div(pM) = p + 5 • D + div h + pa

where p — dt(p) +x • grad p is the substantial time derivative of
pressure. The flow medium is here assumed to follow the ideal gas
law: p = pRO and the state equation h = Cp(9 — 00) where R
is the universal gas constant and Cp is the specific heat at constant
pressure.

Reynolds Average Simulations
Since the early work of Taylor,13 statistical methods such as RAS

have been employed for alleviating the computational requirements
of DNS. The motivation for describing turbulence in a statistical
sense stems from the speculation that at high Re numbers average
values are weak functions of the Re number.14 Therefore, an alterna-
tive way of describing the structure of turbulent flows is to construct
equations for some statistical average. More precisely, any flow vari-
able (p can be decomposed into ensemble average and fluctuating
parts as follows:

i -> = hm —N>NO N
(4)

= 0 + 0",

where A^0 is a sufficiently large number of realizations. Ensemble
averaging the fluid dynamics equations (1-3) yields the following
set of governing equations for the ensemble averaged variables:

dt (px) + div(pi ® x) = -grad p + div(5 - R) + pb (5)

The averaging procedure results in "smoothing" the fluid dynamic
equations and the physical variables so that they can be represented
on a given computational mesh. The ensemble averaged equations
contain additional terms, the density weighted Reynolds stresses R
and fluxes r,

= p(x"®x r = p(h"x") (6)

resulting from the nonlinearities in the convective terms of the fluid
dynamic equations. In Eq. (5) the average thermodynamic pressure
is given by p — pR9. In virtually all existing RAS it is assumed
that fluctuations in the thermal conductivity and in the viscosities
can be neglected in the flow except for a thin sublayer near the wall.
This results in the following approximate expressions for the heat
conduction vector and the viscous stress tensor:

h = K grad 9 « /c grad 0 = (K/Cp)grad h
(7)

S = Xtr (D)/ + 2/LD

where the following approximations are adopted: K = /c(p, 0),
Cp = Cp(0), jl = /z(p, #), and X = A(p, 9). The dissipation func-
tion and the substantial time derivative of pressure can, with the aid
of Eq. (7) and a relation between density weighted and unweighted
averages, be rewritten according to

+ D")

+ S' D' = S D + 5 D" + S' D' (8)

P = dt(p) +x- p = dt(p)

+ x • grad p + x" • grad p + x' • grad p'
in which x" = — (px)/p is the turbulent mass flux, which can be
derived from Eq. (4), x' • grad p' is the pressure gradient-velocity
correlation and, finally, the turbulent dissipation rate s = S' -D'.
Often the pressure gradient-velocity correlation is decomposed into
the pressure-dilatation correlation pfdivxf, and the pressure-velocity
gradient correlation div(p'x'). Hence, in order to achieve closure, we
need models for the following turbulence correlations: 1) the density
weighted Reynolds stress R, 2)_the density weighted Reynolds flux
r, 3) the turbulent mass flux x", 4) the turbulent dissipation rate s,
and 5) the pressure gradient-velocity correlation x' - grad p .

The problem of calculating the unknown turbulence correlations
can be approached on varying levels of complexity. For the density
weighted Reynolds stress R the most popular approach is based on
the eddy-viscosity concept of Boussinesq15 relating R to the rate of
strain tensor D according toR = 2/3pkI+2fjiTDD, where JJLT is the
eddy viscosity andZ)D is the deviatoric part of Z). The eddy viscosity
is then provided by an algebraic expression, in the k-s model it is
generally assumed that IJLJ = C^pk2/s, where C^ = 0.09 is a
dimensionless model constant. The turbulent kinetic energy k and
the turbulent dissipation rate s are calculated from modeled versions
of their exact transport equations. In this paper we have adopted the
k-s model of Jones and Launder16:

dt(pk) + div(pkx) = -D R + div[(A67/orA.)grad k] - ps (9a)

dt(ps) + div(psx) = -Celp(s/k)D • R

- Ce2p(s2/k) (9b)

3t(ph) + div(phx) = p + 5 • D + div(h - r) + pa

The right-hand side of Eq. (9), except for the term -D R in Eq. (9a)
representing production of turbulent kinetic energy, contains mod-
eled higher order unknown correlations. These modeled correlations
represent diffusion and dissipation of turbulent kinetic energy and
pressure strain in Eq. (9a), and production, turbulent transport, and
destruction of dissipation in Eq. (9b). The dimensionless model
constants are given the values ak — 1.00, a£ — 1.31, Ce\ — 1.44,
and Ce2 — 1.92. However, models based on the eddy- viscosity ap-
proach have significant deficiencies, such as the inability to properly
account for streamline curvature, rotational strains, and other body
force effects, as well as negligence of nonlocal and history effects.
For further information see Ref. 7.
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To circumvent these deficiencies second-order closure models
or DRSM aiming at solving a modeled transport equation for the
Reynolds stress have been developed. Today several different mod-
els have been suggested; most of them share the feature that a sep-
arate modeled transport equation for the dissipation rate has to be
solved along with the transport equation for the Reynolds stress. We
have adopted the DRSM of Gibson and Younis18:

dt (R) + div(R <8> x) = P + div[C, (k/s) (grad R)R]

- CiRD - C2PD + | - pel (lOa)

3t(pe) + div(psx) = div[Cd(e/k)R grad s]

- C£lp(s/k)D - R - Ce2p(s2/k) (lOb)

where the subscript D denotes the deviatoric part. JThe right-hand
sideofEq. (lOa), except for the term P = -(RLT +LRT) represent-
ing production of Reynolds stress, contains modeled higher order
unknown correlations. In Eq. (lOa) these modeled correlations rep-
resent diffusion, pressure strain, and dissipation of Reynolds stress;
in Eq. (lOb) they represent production, turbulent transport, and de-
struction of dissipation. The dimensionless model constants are as-
signed the values C, = 0.11, Ci = 1.80, C2 = 0.60, Cd = 0.16,
Cel = 1.44,andCe2 = 1-92.

For the density weighted Reynolds flux r and for the turbulent
mass flux x", the most popular approaches are based on gradient
transport models; here we have adopted the models suggested by
Cebeci and Smith19:

r « -(C,,/aT)p(k2/s)grad h

F « (CV*2)/(pa>e)grad p
(H)

where aT ^ 0.7 and ap = 1.1. Finally, the pressure gradient-
velocity correlation can be decomposed as x' - grad p' = div(pfx')—
p'divx', in which the first term normally is neglected; we will follow
Speziale and Sarkar17 and neglect the pressure-dilatation correlation
as well.

Large-Eddy Simulation Model
In LES it is assumed that the flow can be decomposed into two

parts. The first part contains the large-scale components, which de-
pend on the boundary conditions and the geometry, whereas the
second part contains the subgrid-scale components whose effects
on the large scales must be modeled. The large-scale components
driving the flow are assumed to contain a significant part of the tur-
bulent energy which means that the cutoff wave number must be
sufficiently high. However, using SGS models, we can truncate the
representation at scales considerably larger than the Kolmogorov
scale. To obtain the governing equations of the large-scale motion,
spatial filtering Is adopted. The idea of applying an averaging opera-
tor to the fluid dynamic equations, with averaging typically over the
grid volume to filter out the SGS motions, has been known since the
early work of Reynolds.20 Explicit calculations are then made for
the filtered variables or large-scale components after assumptions
are made for the SGS stresses and fluxes that arise from the filtering
process. Only the SGS motions, relative to the computational grid
spacings, need modeling. This is in sharp contrast to RAS in which
all of the deviations from the average fields are modeled.

More precisely, any flow variable 0 can be decomposed into large-
scale and SGS components and filtered by a convolution integral
according to

= / G(x-z,

0 = 0 + 0"

' = p4>= I G(*-z,
JD

(12a)

. 0 d3z (12b)

where the kernel G (x — z, A) is the filter function with a character-
istic width A, and the integration is over the entire computational

domain D. Applying the filter G to the variable 0 means that the
amplitudes of the low wave number spatial Fourier components are
reduced. The filter function must be normalized according to

In the limit as the mesh size goes to zero, Eq. (12a) becomes

lim G(JC-Z,

Finally, the filter function should be taken to be an infinitely dif-
ferentiable function of bounded support in a bounded region, more
precisely, G = G(x -z, A) e D, in which D = [^ e Cn(R3)} and
i/f has compact support.

The governing equations for the large-scale components are ob-
tained by filtering Eq. (3) with the convolution integral (12), hence,

dt(p) + div(px) = 0

dt(px) + div(px <8> x) = -grad p + div(S - B) + pb (13)

dt(ph) + div(phx) = p + S-D + div(/r - b) + pa

where the filtered thermodynamic pressure is given by p = pRO
and where we have introduced the density weighted SGS Leonard,
cross, and Reynolds quantities {L, /}, {C, c}, and {R, r} by

b — p(xh — xh) = p(xh — xh)

+ p(xh" + x"h + p(h"±") = / + c + r (14)

Assuming that SGS fluctuations in the thermal conductivity and in
the viscosities can be neglected in the flow except for a thin sublayer
near the wall results in the following approximate expressions for
the heat conduction vector and the viscous stress tensor:

h = K grad 9 « k grad 0 = (£/Cp)grad h

S = A,tr(J>)/ + 2AC/> « Itr (D)I + 2/ID (15)

where k = K(P, 6), Cp = Cp(0), \L = /x(p, 0), and X = A,(p, ).
The dissipation function and the substantial time derivative of pres-
sure can, with the aid of Eq. (15), be calculated according to

5 . D = (S + SO - (D + D") = S D + S D" + S' D + S' D"

p = dt(p) +x • grad p = dt(p) +x • grad p

+x - grad p' + x" - grad p + x' - grad p' (16)
Both contain three additional terms that have to be prescribed before
closure is accomplished; for comparison with RAS, see Eq. (8).
An alternative decomposition to Eq. (16) has been discussed by
Erlebacher et al.7 For this initial study we choose to neglect the
higher order correlations in Eq. (16), since their effects are expected
to be small, and calculate the dissipation function and the substantial
time derivative of pressure according to S • D = S • D and p =
dt(p)+x-gradp.

The quantities appearing in the filtered set of balance equations
(13) can be divided into four categories: 1) p,x,h, 2) R, r, 3)
L, /, C, c, and 4) b, a, /?, S • D. The quantities in group 1 represent
the large-scale component of the variables, and the time and space
evolution of these is the objective of LES. The quantities in group
2 represent the correlations of SGS fluctuations and require mod-
eling; their major effect is dissipation or outscatter. The quantities
in group 3 are particular only to LES and do not appear in RAS.
The Leonard quantities mainly give rise to redistribution among the
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various large scales, whereas the major effect of the cross quantities
seems to be backscatter, i.e., transfer from small scales back to larger
scales. The Leonard quantities can be calculated exactly although
the cross quantities must be modeled. Models for the cross quantities
can be developed separately and used together with models for the
Reynolds quantities and the expressions for the Leonard quantities.
Sometimes the effects of Leonard and cross quantities are neglected,
and occasionally the cross quantities are lumped into group 2. The
quantities in group 4 represent source terms and nonlinear terms
from the energy equation. If these terms are nonlinear, they cannot
be evaluated by straightforward methods due to the filtering process,
e.g., see Ref. 7.

The basic idea of SGS modeling is to represent phenomenolog-
ically the macroscopic effects of fluid flow occurring on the space
scales not resolved. This commonly means representing physical
actions at length scales which are smaller than a computational cell.
These SGS models must mimic the actual physical processes of dis-
sipating turbulent energy at SGS:s to heat. On the average, kinetic
energy is transferred from the large eddies to the small ones; there is
energy flow in both directions, but the net flow is usually toward the
small scales. Leslie and Quarini21 estimated that the gross transfer
to the small scales is about 1.5 times the net transfer. The SGS terms
in Eq. (13) must represent the effects of these transfers on the large
scales. In the normal situation, the net energy transfer to the small
eddies appears to be dissipation from the large eddies, energy is lost
and will not reappear.

There are many different ways of postulating or deriving SGS
models in LES since several quantities or combinations of quan-
tities are subject to modeling. Observe that SGS models only aim
at describing the effects of the small-scale motions on the large-
scale motions and can, thus, be of more universal character than
traditional turbulence modeling. In this investigation we will not
exploit the possibility of deriving alternative SGS models, which
in principle can be done systematically within the frame of modern
continuum physics making use of frame indifference and isotropic
functions, but we will merely adopt one well-known SGS model.

Since the major effect of the Reynolds quantities is assumed to
be dissipative, we should look for something like an eddy-viscosity
model. For anisochoric flows the readability criterion must be
satisfied; this is automatically satisfied in isochoric flows since
tr D = div x = 0. This naturally implies that this model should
be of the generalized form R = ^pqsgsl + 2f^sgsDD where qsgs is
the kinetic energy of the SGS motions, /xsgs denotes the SGS eddy
viscosity, andDD is the deviator of the rate of strain tensor. To close
this relation we need to prescribe #sgs and /nsgs. Two approaches can
be imagined. 1) Calculate both p6sgs and #sgs from algebraic expres-
sions that have to be prescribed. 2) Postulate a transport equation for
gsgs and calculate /xsgs from #sgs and the SGS length Asgs = ^/CD A,
where CD is a dimensionless model coefficient. For practical reasons
the first method is predominant, and this is also the method chosen
here. Assuming that production of qsgs equals dissipation of #sgs we
can, from the transport equation for #sgs, derive a anisochoric ver-
sion of the Smagorinsky model.22 Adopting a similar approach for
the SGS fluxes we find

R w f c7pA2||D||2/ - 2cDpA2\\D\\DD

-2cHpA2\\D\\gradh

(17a)

(17b)

where cj = 0.0066, CD = 0.0120, and c// are model constants,7
and \\D\\ is the Frobenius norm of the rate of strain tensor. It is
customary to put CH = CD / P rT, where the turbulent Prandtl number
PrT w 0.7.

SGS eddy-viscosity models of this type are found to do well in
some homogeneous isochoric flows where there is no mean strain.
In homogeneous isochoric flows with strain or shear, McMillan and
Ferziger23 have observed that the energy transfer can be reversed
and transferred from the small scales to the large ones. Further,
eddy-viscosity models seem not to do well in transitional flows
since the small scales are not in equilibrium and the production
equals dissipation argument is incorrect. Additionally, according to
an analysis by Speziale et al.5 the first term in the closure model

(17a) does not correlate well with the results of DNS of nonreacting
anisochoric turbulent flow.

The first attempts for improving the SGS modeling did not take the
neglected Leonard and cross quantities into consideration but con-
centrated on trying to improve the SGS eddy-viscosity/diffusivity
models by making analogies to the attempts made in RAS.
Schumann24 tried to solve a modeled version of a transport equa-
tion for #Sgs whereas Deardorff25 tried to solve a modeled transport
equation for the SGS Reynolds stress tensor. A more amemnable
approach would be to include the Leonard and cross quantities in
the SGS model. To model the effects of these, it can be assumed
that the interaction between the large- and small-scale components
of the flowfield takes place mainly between the segments of each
field that are most like one another. The major interactions are, thus,
between the smallest scales of the large-scale field and the largest
scales of the small-scale fields. Since the interacting components are
very much alike, it seems natural to have the model reflecting this.
Hence, we must find some way of defining the small-scale com-
ponent of the large-scale field. One way was suggested by Bardina
et al.26 Since filtering the large-scale component of a field produces
a field whose content is still richer in the largest scales, this suggests
models of the "scale similarity" type,

C & cB\p(x <8> x - x <g> x)
(18)

Bardina arrived at a value ofcsi = 1.1 by correlating with data ob-
tained from DNS of homogeneous isochoric nonreacting turbulent
flow. However, in order to ensure that the transformation properties
of C and c are the same when changing frame of reference, CBI and
cB2 must both equal unity.

What remains to be specified is a relation between the filter width
A and the local geometry on the grid. For a nonuniform grid, it
is not obvious how to determine the resolved length scale. Several
measures have been proposed, see Deardorff2 and Moin and Kim.27

Here we have used

A =
\

(19)

where N is the number of spatial dimensions of the calculation
domain. The choise of the filter width is important since it will
determine the magnitude of the SGS quantities.

Methods for Discretizing the Governing Equations
The governing equations are discretized on a staggered mesh by

a finite volume technique. This resolves many of the difficulties
associated with the nonlinearities embedded in the fluid dynamics
equations. In the LES model presented, the SGS terms explicitly
provided are proportional to A2 and, thus, the numerical scheme
adopted must be of at least third-order accuracy to avoid implicit
coupling between the SGS terms and the truncation error. For evalu-
ating the convective fluxes we have made use of the monotonic third-
order accurate scheme SMART of Gaskell and Lau.28 The SMART
scheme is based on an approach called curvature compensated con-
vective transport (CCCT) and it strictly preserves the monotonicity
of the solution by the inclusion of a flux limiter on the third-order
accurate upwind-biased interpolation approximation. The flux lim-
iter is closely related to the curvature terms. For the diffusive fluxes
a third-order accurate difference interpolation approximation has
been adopted. The time advance was made with a second-order ac-
curate implicit Crank-Nicholson method. The discretized equations
lead to a system in which all of the dependent variables are coupled
together. The SIMPLER scheme29 is used for "decoupling" velocity
and pressure. Since we use the mass flux conserving transformation,
the coupling between density and velocity is only through source
terms. The energy equation and other transport equations are up-
dated after updating the velocity and pressure.

The accuracy of the numerical scheme employed is of particular
importance in LES since the truncation errors can introduce damp-
ing of the motion. If no SGS models are introduced (quasi-LES), a
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certain amount of damping is wanted and necessary since no model
is introduced for the damping effect of the unresolved SGS motion.
However, in other calculations which simulate the damping effect of
the turbulent motion through a special model, the numerical damp-
ing is undesired. Preliminary results obtained with a fourth-order
accurate scheme which is under development are encouraging and
indicate that the third-order scheme used here is sufficient.

Simulation Object and Related Initial and
Boundary Conditions

To evaluate the predictive capabilities of the LES model we have
conducted numerical simulations on a configuration corresponding
to a flexible modular combustor with optical access, "validation
rig" described in Ref. 8, on which a number of experimental mea-
surements have been made, e.g., laser Doppler velocimetry (LDV)
measurements of the velocity field. The rig consists of a rectilinear
channel, with rectangular cross section, divided into an inlet section
and a combustor section with a triangular shaped bluff body, see
Fig. 1. The fluid was air, and the pressure at room temperature was
atmospheric. The Re number, based on the bluff body height and
the inlet velocity, was between 103 and 105 and the Ma number,
based on the inlet velocity, was between 0.01 and 0.20.

All simulations started from complete rest, and the unsteady flow
characteristics evolved naturally. At the inlet boundary, Dirichlet
conditions for the velocity, pressure, and enthalpy were adopted.
The velocity profiles used in the simulations were obtained from
experimental LDV measurements revealing an almost plug shaped
profile, whereas the pressure and enthalpy were given uniform val-
ues accross the inlet boundary. In RAS no artificial inlet disturbances
were introduced whereas in some of the LES a white noise with an
amplitude of 5% of the inlet velocity was added to the original ve-
locity profile. At the outflow boundary, we have followed the recom-
mendations of Gustavsson and Sundstrom30 and applied boundary
conditions for all but one dependent variable. Boundary conditions
for the velocity components and the enthalpy are thus specified
as zero Neumann conditions. In the RAS the wall boundary condi-
tions were treated with logarithmic wall functions, see Refs. 16 and
18, respectively; in the LES, we followed the recommendation of
Piomelli et al.31 and used a relation between the wall shear stress
and the velocity at the first grid point.

The computational grid used in all simulations was concentrated
around the bluff body and near the channel walls and geometrically
stretched in the other regions. The number of control volumes were
180 x 150 for the simulations done with the k-s model and the
DRSM, 400 x 60 for the two-dimensional LES, and 400 x 60 x 60
for the three-dimensional LES. Grid refinement, made on the sim-
ulations using the k-s model, showed that the results were grid
independent, whereas grid refinement made on the simulations us-
ing two-dimensional LES showed that the spatial resolution was
adequate; using more control volumes showed improvement, but
the difference was insignificant. For the two-dimensional simula-
tions powerful workstations (HP9000) were used whereas the three-
dimensional simulations were performed on a Cray Y-MP/464, a
speed of 215 Mflops was achieved.

Simulation Results and Comparison
with Physical Experiments

The flow under consideration is a wall bounded wake flow. A wake
can be characterized as a flow with a defect in the otherwise uniform
stream and has decreasing velocity gradients with downstream dis-
tance. In this case the wake forms by separation of boundary layers
and widening of the velocity profile. In this paper we will focus
on presenting results from a case characterized by the inlet veloc-
ity, wo = 17.3 m/s, and the corresponding turbulence level, which
was measured to 4%; for more details see Ref. 8. Experimentally
measured data for the ensemble averaged velocity components, the
rms-velocity components, and the turbulent shear stress are available
at three cross sections, z = 0.348, z — 0.460 and also z = 0.686
downstream of the bluff body, as well as at the centerline y = 0.060,
all experimental measurements are made at the plane x = 0.12.

Fig. 2 Photographs of velocity vectors: a) velocity field as simulated by
two-dimensional LES, 60 x 400 nodes, b) velocity field as simulated with
three-dimensional LES, 60 x 60 X 400 nodes, centerplanex = 0.12, and
c) velocity field as simulated with two-dimensional k-e model, 180 X 150
nodes.

Figure 2 shows a photograph of the velocity field when the flow is
fully developed as simulated with two-dimensional LES (Fig. 2a),
three-dimensional LES (Fig. 2b), and the k-s model (Fig. 2c). From
the results of the simulations we find that a short time period, about
0.1 s, is required for the initial conditions to develop into a physically
realistic flow. During this period there is relatively little broadening
of the wake, and the vorticity seems to concentrate. The unsteady
behavior is due to vortex shedding, with vorticies alternatively shed-
ding from the upper and lower edges of the bluff body, forming a
von Karman vortex street behind the bluff body with a well-defined
shedding frequency. The strong vortex street is highly regular and
persists very far downstream in the two-dimensional LES whereas
in the three-dimensional LES the vortex street declines gradually. As
we see from Figs. 2a and 2b, moving recirculation zones can appear
between the wake and the walls, this is a phenomenon that previously
has been observed experimentally for flows around circular cylin-
ders at high Re numbers.9 The appearence of such structures is the
result of intermittent separations due to increased wall shear stress
significantly influenced by the wall boundary conditions.31 In Fig. 2
we can further observe the important structural differences between
the two-dimensional and the three-dimensional LES. It was found
from the simulations that the k-s model had severe problems in de-
veloping the vortex shedding behavior unless the eddy viscosity was
decreased to approximately 50% of what is prescribed originally;
this effect was also presented by Franke and Rodi.10 The DRSM
used did not, in contradiction to what was anticipated, show any
improved behavior over the k-s model regarding the strength of the
vortex shedding.

The Strouhal number Sr = fk()/w(), based on the height of the
bluff body X() and the inlet velocity w() where / is the shedding
frequency, was experimentally found to be Sr — 0.24, correspond-
ing to 102 Hz (Ref. 8). From the RAS the Strouhal number was
found to be S = 0.18 for the k-s model and Sr = 0.20 for the
DRSM. For the two-dimensional LES the Strouhal number was
found to be Sr = 0.25 and for the three-dimensional LES it was
found to be Sr = 0.24. Hence, both the two-dimensional and the
three-dimensional LES were able to capture the correct frequency
of the established vortex street. After the transient state gradually
has grown into a physically realistic state, the velocity and pressure
time series are highly periodic both on the centerline and in the shear
layers at different locations downstream of the bluff body in both
the two-dimensional and three-dimensional LES.
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Fig. 3 Normalized ensemble averaged streamwise velocity component,
inlet velocity at the centerline WQ ; + indicates measurements, solid lines
three-dimensional LES, dashed lines two-dimensional LES, and dotted
lines k-e model: a) z = 0.348, b) z = 0.460, c) z = 0.686, and d) plane
y = 0.060.

In Fig. 3 the ensemble averaged streamwise velocity component
at the three cross sections downstream of the bluff body and at the
centerline is presented. The ensemble averaged value of any field
<f> is calculated by the expectation value operator (•) defined by
(0) = (]Ta (/)")/N, where a is the realization number and N the
total number of realizations, here N = 5000. By comparison of the
streamwise velocity profiles (Figs. 3a-3c) it is observed that both
the two-dimensional and, in particular, the three-dimensional LES
correlates well with physical experiments whereas the k-s model
give less accurate profiles. Farther downstream (Fig. 3c), the two-
dimensional LES somewhat overpredicts the streamwise velocity
component at the core compared to the measurements. The rea-
son for this overprediction is that the vortex street persists very
far downstream in the two-dimensional LES whereas in the three-
dimensional LES the vortex street declines gradually. A physical ex-
planation for this structural difference between the two-dimensional
and the three-dimensional LES is believed to be the lack of realis-
tic turbulence production mechanisms, such as vortex stretching,
in the two-dimensional LES. Comparing the streamwise velocity
profiles at the centerline we note that in front of the bluff body the
results are not much influenced by the simulation method used and
the numerical and physical experiments correlate well. In the wake
region, differences due to simulation method used are observed.
The k-s model overpredicts the length of the separation zone con-
siderably and also fails to reproduce the correct magnitude of the
streamwise velocity component behind the bluff body. The two-
dimensional LES overpredicts the length of the separation region to
a small extent, and the agreement with the data is not satisfactory;

-0.5

Fig. 4 Normalized ensemble averaged lateral velocity component, inlet
velocity at the centerline H'O ; + indicates measurements, solid lines three-
dimensional LES, dashed lines two-dimensional LES, and dotted lines
the k-e model: a) z = 0.348, b) z = 0.460, and c) z = 0.686.

the magnitude of the streamwise velocity component is overpre-
dicted close to the bluff body, and the shape of the velocity profile
is not reproduced correctly. The three-dimensional LES predicts the
separation region and the downstream flow very well.

In Fig. 4 the ensemble averaged lateral velocity component at
the three selected cross sections is presented. A comparison of
the lateral velocity profiles clearly reveals that the k—s model and
the DRSM (not shown) do not produce enough momentum exchange
in the lateral direction. In vortex-shedding flow the momentum ex-
change in the lateral direction is mainly due to the periodic fluctua-
tions which, thus, are underpredicted by the k—s model. As seen
from Figs. 4a-4c the lateral velocity profiles obtained from the
two-dimensional LES show good agreement with measurements
in all three cross sections regarding both shape and magnitude. The
profiles obtained from the three-dimensional LES also show good
agreement with experimental data, except for Fig. 4b corresponding
to the cross section at z = 0.460. This particular discrepancy may
originate from lack of spatial resolution or locally high-geometrical
stretching of the computational grid in the streamwise direction
close to this cross section. The result can probably be improved by
using either local grid refinement or multiblock techniques.

In Fig. 5 the rms-velocity fluctuation profiles, obtained from mea-
surements and from two-dimensional and three-dimensional LES,
at the three selected cross sections are presented. The rms-velocity
fluctuations are local measures of the standard deviation of the
velocity field and, thus, also measures of the strength of the tur-
bulent fluctuations. The rms-velocity fluctuations are defined and
calculated by jcrms = V(*'2) where the fluctuations are defined as
x' = x—(x). The general agreement between simulated rms-velocity
profiles and measured profiles are good for both velocity compo-
nents. However, the profiles from the two-dimensional simulations
show a correct shape, but the magnitude is systematically overpre-
dicted, especially for the lateral components where deviations of
up to an order of magnitude is observed (Figs. 5b and 5c). For
the three-dimensional LES we have better agreement between the
simulated and measured profiles except for Fig. 5b, corresponding
to the cross section at z — 0.460. This indicates the importance of
three-dimensional effects not possible to include in two-dimensional
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Fig. 5 Normalized rms-velocity components, inlet velocity at the centerline w>o; + indicates measurements, solid lines three-dimensional LESs, and
dashed lines two-dimensional LESs: a) lateral component, z = 0.348, b) lateral component, z = 0.460, c) lateral component, z = 0.686, d) streamwise
component,z = 0.348, e) streamwise component, z = 0.460, and f) lateral component, z = 0.686.
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Fig. 6 Normalized ensemble averaged turbulent shear stress (T)yz,
inlet velocity at the centerline w>o; + indicates measurements, solid lines
three-dimensional LES, dashed lines two-dimensional LES; locations:
a) z = 0.348, b) z = 0.460, and c) z = 0.686

LES. The discrepancy noted in the rms-velocity fluctuation profile
at z = 0.460 is the direct consequence of the discrepancy observed
in the lateral velocity profile at the same cross section.

The ensemble averaged turbulent shear stress in the yz plane,
obtained from measurements and from two-dimensional simula-
tions at the three selected cross sections is presented in Fig. 6. The
ensemble averaged turbulent stresses are calculated according to
their definition, i.e., (T) = (p)(xf <8> *'). From the LESs all other
turbulent stress and flux components are also available, in fact, as-
suming negligible density fluctuations, the square root of the diago-
nal components of (r) are already presented and described in Fig. 5.
Here, the agreement between simulated turbulent stress profiles and
experimentally measured profiles are good both regarding the two-

dimensional and, especially, the three-dimensional case. However,
the two-dimensional LES slightly overpredicts the turbulent shear
stresses at z = 0.460 (Fig. 6b) but, again, the shape of the profile
is correct whereas the three-dimensional LES show overall good
correlation with measurements.

Discussion and Interpretation of the Simulation Results
The results of the LES model described can now serve as foun-

dation for a brief discussion concerning the mechanism of the
large-scale structures characterizing the flowfield. In Fig. 7 some
quantities are plotted at the center plane (x = 0.120) in a full height
section of a 0.240m length starting at z = 0.330. The quantities used
to investigate the flow are the fluctuating velocity field (x' = x—(i)),
the spanwise vorticity component (a)x = 1/2 curl x • ex where ex is
the unit vector in the x direction), the kinetic energy of the fluctu-
ating motion (k = l/2x' • x'), the production of kinetic energy due
to the fluctuating motion [p = —T • D where T = p(x' <S>jt') and
D = l/2(gradx + grad jc7)], the rate of strain (\\D\\), the normal-
ized vortex stretching (£ = d> • Lcj/u;2, where the vorticity vector
is given by a; = l/2cur!Jc), the dissipation of kinetic energy due to
the fluctuating motion (s = Sf Df where S' = Xdivjt'+2juD'),and,
finally, the dilatation (x = divjc). Topologically, the flow structure
can be characterized by extremum points (here denoted centers)
and saddle points denoted by -f and x, respectively. The velocity
vector field of Fig. 7a and the vorticity field of Fig. 7b both show
well-organized vortical motion around the centers and also specify
the saddle points. Since the fluid outside the large-scale structures
forming the vortex street is engulfed into the wake region mostly
downstream of the structure, the kinetic energy of the fluctuating
motion at the front is lower than at the back, and according to Fig. 7c
lower contour levels at the front extend toward the wake centerline
(y = 0.060). This implies that a significant amount of fluid can be
entrained from the opposite side of the wake across the centerline
and also suggests that the vortex street is not a continuous sheet but
perforated. Contours of production of kinetic energy due to the fluc-
tuating motion (Fig. 7d) and rate of strain (Fig. 7e) are observed to
have local maxima near the saddle points. The intense strain field in
the saddle region appears to be the consequence of vortex stretching
induced by successive like-signed vortices shown in Fig. 7f. Thus,
significant production of large-scale turbulence due to large-scale
structures occurs in the saddle regions. Dissipation of kinetic energy
of the fluctuating motion, shown in Fig. 7g occurs in a highly lo-
calized fashion, predominantly at front of the large-scale structures
where the kinetic energy of the fluctuating motion is lower. To in-
vestigate the influence of local compression and expansion effects
present in the flow, the dilatation x representing the relative change
of volume per unit of time is shown in Fig. 7h. For a compressible
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a)

Fig. 7 Three-dimensional LES results at center planex = 0.120 in full
height section of 0.240 m length at z = 0: a) instantaneous fluctuating
velocity field, b) contours of the span wise vorticity, c) fluctuating kinetic
energy, d) production of fluctuating kinetic energy, e) rate of strain,
f) vortex stretching, g) dissipation of turbulent kinetic energy, and h)
dilatation.

fluid x can take all values in the range — oo < x < °°» whereas
for an incompressible fluid, x can only take the value zero, thus
only admitting isochoric motion. In the case of a compressible fluid
X > 0 corresponds to an expansion state, x < 0 corresponds to a
compression state, and x — 0 corresponds to an isochoric state. By
examining Fig. 7h we find connected areas of expansion (denoted by
a + sign) and connected areas of compression (denoted by a — sign).
Separating the regions of expansion and compression are thin sheets
with / — 0 (denoted by a thick solid line). Regions with x < 0
are, in general, found outside the vortex street but also as isolated

b)

Fig. 8 Three-dimensional LES results at center plane x = 0.120 in
full height section of 0.240 m length at 0.330; contours of the instan-
taneous turbulent stresses: a) normal stress component TXX, b) normal
stress component Tyy, c) normal stress component r ,̂ d) shear stress
component TVy, e) shear stress component TXZ, and f) shear stress com-
ponent TyZ.

spots within the vortex street farther downstream. Comparing the
dilatation with the other quantities showed in Fig. 7 reveals that £
and x show common anatomy in regions of low-vortex stretching.
From the decomposition of the vortex stretching in isotropic and
deviatoric parts, f = x + (<*> -DDu})/uj2, we observe that the dilata-
tion affects the magnitude of the vortex stretching. Similarly, from
the decomposition of the production of kinetic energy due to the
fluctuating motion, p = — (|p&x + T • />£>), we observe that the
dilatation affects the production but obviously to a smaller extent.

From these results, the mechanism of the large-scale structure in
unsteady wake flow emerges; the strong spanwise vorticity induces
the large-scale motion of external fluid along the converging separa-
trix. The engulfed fluid is advected to the saddle region where most
production of small-scale fluctuation takes place as a consequence
of vortex stretching along the diverging separatrix. The fluctuations
produced are continuously advected from this region into the struc-
ture and also away from the central portion of the wake.

In Fig. 8 the instantaneous turbulent stresses T = p(x' 0jc') rep-
resenting transport of momentum at the center plane (x = 0.120)
are shown. Comparing the contours of the instantaneous turbulent
normal stress component rxx with the fluctuating velocity field of
Fig. 7a we observe that the large-scale structures coincide with the
extrema of TXX signifying momentum entrainment in the spanwise
direction through to the large-scale structures. A proper SGS model
for two-dimensional LES, however, should create the effect of this
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entrainment mechanism, which is not the case here. The SGS model
adopted is not strictly valid for two-dimensional simulations, so this
remark should not be taken as an argument against its proper use
in two-dimensional simulations. The fluctuating motion generates
extrema in TZZ above and below each vortex, with xz positive for one
extremum and negative for the other, see Fig. 8c. Similarly, the alter-
nating extrema in ryy of Fig. 8b correspond to positive and negative
extrema in xz. Figure 8f shows the instantaneous turbulent shear
stress component ryz. This stress component exhibits antisymmetry
about the wake centerline; regions of strong z-momentum flux to-
ward the wake centerline are separated by smaller regions of weaker
z-momentum flux away from the centerline. One interesting feature
of Fig. 8f is the relatively large stress associated with entrainment of
freestream fluid into the regions between the large-scale structures.
Another interesting feature can be observed by comparing the pro-
duction of turbulent kinetic energy, Fig. 7c, with the instantaneous
turbulent shear stress component ryz; we then observe that the ex-
trema in ryz lies very close to the extrema in production and, thus,
also close to the saddle points implying that production of kinetic
energy of the fluctuating motion through the mechanism of vortex
stretching increases the turbulent shear stress. The data displayed
in Fig. 8 can also be used to compute the correlation coefficient
for the fluctuating motion. The value obtained at the vortex centers
are about one order of magnitude lower than the value obtain near
the saddle points. It is, thus, clear that the large-scale turbulence is
strongly coupled to the strain and the vorticity fields associated with
the large-scale structures.

Concluding Remarks
In this paper a LES model for anisochoric flows has been sug-

gested and investigated. Simulation results from the LES model, as
well as from traditional RAS models, are compared with experimen-
tal measurements of unsteady wake flow around a two-dimensional
generic triangular shaped bluff bodies at 103 < Re < 105 and
0.01 < Ma < 0.20. The simulation results are also used to investi-
gate the mechanisms of the large-scale structures characterizing the
flowfield.

The results obtained in this investigation with two-dimensional
and, particularly, three-dimensional LES are in much better agree-
ment with the experimental measurements than the results ob-
tained with both the k-s model and the DRSM. It is shown that
two-dimensional LES cannot accurately mimic the actual physical
processes in the flow, the three-dimensional LES, giving superior
correlations between simulations and experiments, clearly indicates
that such complex flows must be treated as fully three dimensional.
The agreement between predicted and measured rms-velocity and
turbulent shear stress profiles given in Figs. 5 and 6 and a continuous
monitoring of the energy spectrum indicate that the major part of
the turbulent motion has been resolved in the LES. From the energy
spectrum it is observed that the main part of the kinetic energy of
the fluctuating motion is contained in a wave number range between
200 and 300 m"1. This corresponds to eddies of the characteristic
size of 3-10 mm and indicates that the turbulent Reynolds number,
based on the fluctuating streamwise velocity, the energy containing
eddies, and the viscosity, is about ReT = 3500.

Regarding the two different simulation approaches the following
general comments can be put forward. Generally, RAS suffer from
the following basic shortcomings: 1) When defining a time or en-
semble averaged flow and considering fluctuations about the mean
flow, there is some ambiguity about what it means to have time-
dependent equations. Thus, a multiple time-scale approximation
is implied. 2) In complex flows, where several components of the
Reynolds stress tensor are of importance, the basic assumption of
a scalar eddy viscosity appears too simple. The major drawback
of LES is that fine grids are necessary, thus the simulations will
be much more expensive than simulations using RAS. LES further
suffers from two theoretical shortcomings: 1) lack of knowledge of
how to formulate accurate SGS closure models and 2) the inaccu-
rate treatment of the substantial time derivative of pressure and the
dissipation function.

The concept of frame indifference can be a powerful tool in in-
vestigating the averaged and/or filtered equations of motion. The

reason for not making systematic use of the concept of frame in-
difference in this paper is that a thorough investigation deserves a
paper of its own. With the exception of the work of Speziale32 few
studies along these lines have been published. Frame indifference
may be a valuable tool when formulating closure models for the SGS
cross and Reynolds quantities and in investigating the character of
the approximations made when deriving the filtered fluid dynamic
equations in LES.
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